AP Statistics Ch. 3B: Simpson’s Paradox

Objectives
« Given a two-way table of counts for two
categorical variables:
Ch. 3 Supplement « Find the marginal distributions of the variables

o ) . Find a conditional distribution of the variables
Associations in Catego rical Data Display the distributions as bar charts

« In this lesson, we will study the relationship
between two categorical variables using
Counts

Marginal percents

Two-Way Tables

Objectives Two-way tables

An experiment has a two-way, or block, design if two categorical

« Relationships between categorical variables factors are studied with several levels of each factor.

. Simpson’s paradox Two-way tables organize data about two categorical variables

obtained from a two-way, or block, design. (There are now two
ways to group the data.)

Gi
g e rcur; :dem"t"
y ag ucation

First factor: age

| Years of school completed, by age | Lhousands of persons)
Age group

Education 233 J5wed  33andover

154 ot compbetes high echaal 4459 9174 14,706

Second factor: | camplened high achenl 11,562 26,455 20,060
education Coollege, 1101 3 yoears 0607 22,647 1,125
g College, 4 or mose years 1071 23,160 10,597

Two-Way Tables Overview

« Data are cross-tabulated to form a + Two way table - Presenting the data

two-way table with a row variable and + Describing each variable separately
column variable

(Marginal Distribution)
+ The count of observations falling into each o )
combination of categories is cross- + Describing the relation between the two

tabulated into each table cell variables (Conditional Distribution)
« Counts are totaled to create marginal totals
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Two types of categorical variables:

1. Those that are inherently categorical.
Example: eye color, gender, city.

2. Those that are obtained by grouping
quantitative variables into classes.

Example: age groups 25-34, 35-54, 55 and
over.

The marginal distributions can then be displayed on
separate bar graphs, typically expressed as percents instead
of raw counts. Each graph represents only one of the two
variables, completely ignoring the second one.

wears of sebosl comploted, by 390 (thousands of pursons]

111%of Mipecple
Age groam - sy 3% g et b
& aihigh erhee ke
Fllmeanon 2914 LLTELS) hlﬂo/'-d-e'edumo-
Tl nee complere high whoel | 445 @174
L’Mu|d«l\1h|pn\1m4 3t 16435 -
College. 1 0 3 yan A2
Callege, 4 or mone yras 10
Total 37,79 B1A45 56,008 R
3
Example in Class B
W b ] Mgl e Cinlepe
sediaps ol

Lewel of wibseation

Relationships between categorical variables

The cells of a two-way table represent the intersection of a given
level of one categorical factor with a given level of the other
categorical factor.

The marginal distributions summarize each categorical variable
independently. But the two-way table actually describes the
relationship between both categorical variables.

Because counts can be misleading (for instance, one level of one
factor might be much less represented than the other levels), we
prefer to calculate percents or proportions for the corresponding

cells. These make up the conditional distributions.

RNBriones
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Marginal distributions

We can look at each categorical variable in a two-way table
separately by studying the row totals and the column totals.
They represent the marginal distributions, expressed in
counts or percentages (they are written as if in a margin).

‘ears of school completed, by age [thousands of persons)

Age group
Education 5w34 3534 S5andover Toral
Did not complete high school 4,459 2174 14226 27,859
Complered high school 11,362 16,435 20,060 38,077
College, 1 1o 3 years 10,695 LLe47 11,125 44,465
College, 4 or more years 11,071 13,160 10,597 44,315
Total | 32713 81435 5608 | 175230

g 2000 US census

Parental smoking

Does parental smoking influence the smoking habits of their high school children?

Summary two-way table: Student Studeat
High school students were ———— smokes  does ot smoke T_”E“:;
s & I
asked whether they SMOKE oy vy ssker | g | 230
and whether their parents _either parent smokes | 188 1168 1356
Toral 1004 FES] a7
smoke.

Marginal distribution for the categorical
variable “parental smoking”:
The row totals are used and re-expressed
as a percent from the grand total.
Neither parent  One parent  Both parents
smokes smokes suwoke
13.9% 18.6% 225%

n
L

cant of students whe smeke

|

mﬂﬁﬁﬁﬁa| Bwlpa'sms Omp.ﬂmt Nenharpsm\t

Par

Conditional distributions

The counts or percents within the table represent the
conditional distributions. Comparing the conditional
distributions allows us to describe the “relationship™ between
both categorical variables.

i o o g oy i s, et

all
27853
15 50]
58077

33.11]
31:BomeCn 44468
Here, the percents FERET] |
are calculated by 4:C0116r 44828
age range FENT |

(columns).

29.30% = 11071
37785

= _cell total

column total

Concord High



AP Statistics Ch. 3B: Simpson’s Paradox

Music
Wine  Nowe French  labian Totd

The conditional distributions can be graphically compared Music and wine purchase decision
using side-by-side bar graphs of one variable for each value

of the other variable. What is the relationship between type of music o I\ T 1 a1
T T T played in supermarkets and type of wine Otber 43\ % % |13
1:¥orug aas 174 14226 17888 purchased’? Total B, 73 Ll ]
e g : We want to compare the conditional distributions of the
P response variable (wine purchased) for each value of the
. ] explanatory variable (music played). Therefore, we
s i | calculate column percents.

3T
109.00 w9.00

Calculations: When no music was played, there

fe fmees were 84 bottles of wine sold. Of these, 30 were
t of Col R R French wine.
i ) N 30/84 = 0.357 = 35.7% of the wine sold was Columa perces
s French when no music was played.
Here, the percents =3 RS ne Tousl
are calculated by 3 Frenety 520 357 | 40
age range e T8 B

ma o

g (columns).

For every two-way table, there are two sets e '
of possible conditional distributions. M Mo rech Bl | T CaSE Stu dy
Phasin = Hre [LRcar—y B = ol Pk W -
k] » Uiy " k] o nr .
@ “ R Age and Education
g: E: Does background music in (Statistical Abstract of the United States, 2001)
e i» supermarkets influence
= ” customer purchasing
N " decisions? Data from the U.S. Census Bureau
L :
= (2000)
Wine purchased for each kind of 78 Y £
ic played (coll t - - a i
mustc played (column percents) - “ “ Level of education by age
i. £ i,
i [ i
=allm=n | e
Music played for each ~ ** b =
10 10 Rl

kind of wine purchased

Case Study Y& Case Study %

Age and Education Age and Education
Age Group TABLE 4.6 Years uf schuol completed, by age (thousands of persons)

Education 25t034 35t054 55+  TOTAL Variables Age group

Did not complete HS 4459| 917414206 Educarion B34 3Pwi4 55 andover Toral
Did not complete high school 4,459 9,174 14,226 27,859

Completed HS L5021/ m26i S5 201000 Completed high school 11562 26455 20060 58,077

College, 1 to 3 years of college 10,693 22,647 11,125 College, I o 3 years 10,693 12,647 L1125 4463
College, 4 or more years 11,071 23,160 10,597 44,828

College, 4 or more years of

college 11,071 | 23,160 10,597 Toral | 37,756 51,435 56,006 | /175,230

Marginal distributions

175,229

TOTAL
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Case Study %

Age and Education

TABLE 4.6 Years of school completed, by age (thousands of persans)

Variables Age group
Education 230 34 351034 3% and over Tatal
Did not complete high school 4459 9,174 14,226 27,858
Completed high school 11,562 26,455 20,060 58,077
College, | to 3 years 10,693 21,647 11,125 44,465
College, 4 or more years 11,071 23,160 10,597 44,828
Toral |137.786 81,435 56,008 | | / 175.230

Marginal totals

Ch. 3B: Simpson’s Paradox

Marginal Percents

+ It is more informative to display counts as
percents

+ Marginal percents

+ Use a bar graph to display marginal
percents (optional)

Case Study %
Age and Education

Row Marginal Distribution 2

\\

Did not (27,859 + 175,230) x
graduate HS | 100% = 15.9%

Did graduate | (58,077 / 175,230) x
HS 100% = 33.1%

Finished 1-3 | (44,465 /175,230) x
yrs college 100% = 25.4%

Finished 24 (44,828 / 175,230) x

yrs college 100% = 25.6%

Row Conditional Percent
Column Conditional Percent

Il coun
column percent for cell = _cellcount x100%
column total
row percent for cell = cell count x100%
row total

To know which one to use, ask
“What comparison is most relevant?”

RNBriones

Conditional Percents

+ Relationships are described with
conditional percents

« There are two types of conditional
percents:
— Column percents
— Row percents

Case Study %
Age and Education
Education Biod P Badowr
Compare the 25-34 1id nor complere high school 1439 9,174 14,226
age group to the 35-  Complesed Ligh sl 1562 26455 20,060
S College, 1 to 3 years 10693 11647 11125
54 agle tgroup :In % Colleze, 4 o more yoar 10397
completing college: . — P

Change the counts to column percents (important):

L1
L]
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Case Study
Age and Education

If we compute the percent completing college for all
of the age groups, this gives conditional distribution
(column percents) completing college by age:

Age: ‘ 25-34 35-54 55 and over
Percent with
2 4 yrs college: 29.3% 28.4% 18.9%

Ch. 3B: Simpson’s Paradox

variables

Association

« If the conditional distributions are nearly the
same, then we say that there is not an
association between the row and column

« If there are significant differences in the
conditional distributions, then we say that
there is an association between the row and
column variables

Simpson’s Paradox

+ Simpson’s paradox occurs when an
association between two variables is
reversed upon observing a third variable.

+ Simpson's paradox = a lurking variable
creates a reversal in the direction of the
association

+ To uncover Simpson’s Paradox, divide data
into subgroups based on the lurking

Discrimination? (Simpson’s Paradox)
Consider college acceptance rates by sex.

Accepted Total

accepted
Men 198 162 | 360
Women| 88 112 | 200
Total 286 274 560

198 of 360 (55%) of men accepted
88 of 200 (44%) of women accepted

Is this discrimination?

RNBriones

Example: Hospital death rates

But once patient
condition is taken
into account, we
see that, in fact,

Patients in good condition

Simpson’s Paradox

Beware of lurking variables
An association or comparison that holds for all of several groups
can reverse direction when the data are combined to form a single
group. This reversal is called Simpson's paradox.

Hospital A Hospital B
Died 63 16
Survived| 2037 784

On the surface,
Hospital B would

Total 2100 800
% Surv. 97.0% 98.0%

Died

Total

Patients in poor condition

Survived

seem to have a
better record.

Hospital Ahasa o surv.

99.0% 98.7% % surv.

better record for both patient conditions (good and poor).

Here, patient condition was

the lurking variable.

association?

Discrimination? (Simpson’s Paradox)

« Or is there a lurking variable that explains the

+ To evaluate this, split applications according
to the lurking variable “School applied to”
& Business School (240 applicants)
& Art School (320 applicants)

Concord High
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Ch. 3B: Simpson’s Paradox

Discrimination? (Simpson’s Paradox)

BUSINESS SCHOOL

Accepted acc':;:te d Total

Men 18 102 120
Women| 24 96 120
Total 42 198 240

Discrimination? (Simpson’s Paradox)

ART SCHOOL

Accepted

accepted

Men

180

60

Women

64

16

Total

244

76

Total
240
80
320

18 of 120 men (15%) of men were accepted to B-school
24 of 120 (20%) of women were accepted to B-school
A higher percentage of women were accepted

180 of 240 men (75%) of men were accepted
64 of 80 (80%) of women were accepted

A higher percentage of women were accepted.

Discrimination? (Simpson’s Paradox)

+ Within each school, a higher percentage of women
were accepted than men. (There was not any
discrimination against women.)

+ This is an example of Simpson’s Paradox.

— When the lurking variable (School applied to) was

— When the School applied to was considered, the
association is reversed.

Example 4.19, p. 241

ignored, the data suggest discrimination against women.

TABLEA.6 Years of school pleted, by age, 2000 (t ks of persons)
Age group

Education 251034 35to54 G5 Total
1hd not e;rvmp}:-k hig{'\ school 1474 9158 14,214 7781
Completed high school 11,546 16451 20,060 58,087
1 to 5 yvears of college 10,700 22618 11,127 ity
4 or more vears of college 11,106 23,153 10,796 +.543
Tatal 37.756 §1.435 56,008 175.230

Example 4.20, p. 242: Marginal Distribution
e
o
s
i
e
:
10 -
o
hl'hndwd ﬂuﬁm m 4“"‘“
ofaollmo
Yaars of schooling
RNBriones

Example 4.21, p. 244: How Common is College Education?
30 -
25
20
15
10

5

Fercent with 4 years of college

(o)
35-54 BB and over

Age group

WIMIIM
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TABLE OF EDU BY AGE

EDU AGE

Frequency! ! ! !

Col Pct | 25-34 , 35-54 55 over , Total
NoHS 74474 19155 1 14224 1 27853
5 L ay.ed v oaacEe o Zsiani
HSonly | 11546 | 26481 | 20060 | 58087
o | 30.56 | 32.52 | 35.82 |
SomeColl | 10700 | 22618 | 11127 | 44445
__________ | 28.32 | 27.77 | 19.87 |
Colldyrs : 11066 : 23183 : 10596 :448‘5
. | 29.29 ! 28.47 | 18.92 !
Total 37786 81435 56008 175230

40_

Percent who did not
complete high school
8 8
1 1

3
1

07" 265t034 3btob4 55 and over

! Age group !

¢

Percent who completed
1to & years of college
= [N
(s} S
1 |

25t034 35tob54 55 and over
n Age group r!
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§
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Age group

251034 350S4 55 and over
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The conditional distributions and Plot

A sample of 500 persons is questioned regarding political
affiliation and attitude toward a proposed national health care
plan. The responses are cross classified according to the
political affiliation and opinion categories and displayed in the
following 2 x 3 two way table (also called contingency table)

Attitude
Affiliation favor | Indifferent | opposed | Total
Democrat 138 83 64 285
Republican 64 67 84 215
Total | 202 150 148 500

democrats

20 —|
10 o
o

T T
favour indifferent opposed
attitude

republicans

50 —

g 30 —
- D D
8.
o T T T
favour indifferent opposed
attitude

m 1]
_.., favor 2 indifferent
L) 0
E] sn
40 al
£ ] 0
n . ]
10 0n
o T T u T T
demacrat repubbcon dhewuac, sk e
paiitical affiiation polisical affifation
]
- opposed
o
0
0 -
a ]
m -
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Calculate the conditional frequencies for attitude, given affiliation
Attitude
Affiliation favor Indifferent | opposed Total
Democrat 138 83 64 285
48.4% 29.1% 22.5%
Republican 64 67 84 215
P 29.8% 31.2% 39.0%
Total 202 150 148 500
Given a Democrat: Given a Republican:
Favor: 138 out of 285 = 48.4% Favor: 64 out of 215 =29.8%
Indifferent: 83 out of 285 = 29.1% Indifferent: 67 out of 215 = 31.2%
%

Calculate the conditional distribution of political
affiliation given attitude:
Attitude
Affiliation favor Indifferent | opposed Total
138 83 64 285
Demacrat 68.3% 55.3% 43.2%
) 64 67 84 215
Republican 31.7% 44.7% 56.7%
Total 202 150 148 500
Given favor
democrat: 138 out of 202 = 68.3%
Example

« A business school conducted a survey of companies in its
state. A questionnaire was mailed to 200 small
companies, 200 medium-sized companies, and 200 large
companies. The rate of non-response is important in
deciding how reliable survey results are.

+ A 3x2 contingency table (but we use only percentages).
«+ Here are the data on response to this survey:

Response | No response Total
Small 125 75 200
Medium 81 119 200
Large 40 160 200

Concord High



AP Statistics Ch. 3B: Simpson’s Paradox

A. What was the overall percent of non-response?

Answer: (75 + 119 + 160) /600 = 0.59 > 59% c. Drawa ba_r graph to compare the non-response percents for
the three size categories.
B.  Calculate the percent of no response for each type of Answer:
business. Describe how non-response is related to size of
business.
Answer:
small:  75/200=0.375 - 37.5% o]

medium: 119/200 = 0.595 > 59.5%
large: 160/200=0.80 -> 80%
The larger the business, the less likely it is to respond

40 |
30 -
20 —
Small 125 75 200 "7 ‘ ‘ ‘

Response No response Total
Medium 81 19 200 large medium small

V& A B 50 AV 55 4 V0w 4 Busnesssize ,
I Vswwwwswwsdl

Sum of nonresponse
g
|

D.  Using the total number of responses as a base, compute the
percent of responses that come from each of small, medium

and large businesses E.  Inpreparing an analysis of the survey results, do you think it
Answer: Response would be reasonable to proceed as if the responses
’ 125 i i
Small 00 represented companies of each size equally?
) 81
Medium 32.9% ]
0 Answer:
Large o i .
16.3% No. Over half of respondents were small businesses, while
Total = 246 less than 17% of responses came from large businesses.
Response No response Total
Small 125 75 200
Medium 81 119 200
r 40 160 200
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